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Abstract 

It is well known that optical satellite remote sensing is mostly based on measurements of the 

radiance exiting the top of the Earth’s atmosphere and is interpreted using a comparison of the 

data with pre-calculated tables for some “pure” aerosol models. However, such an approach 

seems to meet some difficulties connected to both the necessity to search in the multi-

dimensional parameter space and increasing the volume of the pre-calculated database, if the 

number of basic aerosol components increases. This problem becomes more real now because 

modern satellite sensors (MISR, POLDER) provide more information by performing multi angle 

radiance measurements over the same pixel and more detailed characteristics of the atmospheric 

aerosol profile (not only the aerosol optical depth and Angstrom coefficient) are expected to be 

retrieved. 

Recently, it have been shown that the perturbation technique was an ideal tool to solve such 

atmospheric physics problems as an investigation of the effect of a variation in aerosol profile on 

fluxes. Moreover, it has shown its efficiency in analysis of the optical remote sensing in the 

simplest case of sounding of a homogeneous medium.  

In the present paper the perturbation technique is applied to a realistic atmosphere-ocean 

model. We performed our simulations for a stratified slab medium with an underlying surface. 

Perturbations considered include variations of the profiles of extinction coefficient and single 

scattering albedo, and also the adding of a small cloud contamination.  It was shown that the 

perturbation technique allows predicting the effect of such the variations of the atmospheric 

profile to the exiting radiance with high accuracy. The nature of the errors is analyzed and 

discussed.  
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1. Introduction 

It is well known that the atmospheric aerosol exerts a significant impact on the Earth’s 

climate, both directly (d’Almeida et al., 1991), by absorbing and scattering radiation, and 

indirectly (Charlson et a., 1992; Curry, 1995) by their effect on cloud optical and microphysical 

properties. To better understand these effects it is necessary to know not only the aerosol optical 

depth, but also the aerosol scattering and absorption properties, and their vertical profiles. In 

other words, an adequate model of global aerosol distribution, taking into account their seasonal 

and spatial variability, has to be developed.  

The integrated field experiments being conducted (like ASTEX/MAGE in June 1992 

(Huebert et al., 1996), SCAR-B in August-September 1995 (Kaufman et al., 1998), ACE-1 in 

November-December 1995 (Bates et al., 1988), TARFOX in July 1996 (Russell, 1999)) can 

specify many features of local aerosol atmosphere models and their results are the best 

touchstone for any kind of retrieval algorithms, especially for satellite remote sensing.  

The only approach that could provide the necessary spatial and temporal coverage is Earth 

observation from space. During the last five years several sensors to fulfill this task have been 

launched. Moreover, some of these modern sensors provide much more information than those 

of previous generations, by viewing the same surface area under different angles (POLDER on 

board ADEOS (1996) has up to 14 angles (Deschamps et al., 1994), MISR on EOS (1999) has 9 

angles (Diner et al., 1991)). Substantial increasing of the available information makes it possible 

to retrieve not only the aerosol optical depth, but also aerosol stratification, detection of 

absorbing aerosol (over the oceans) or estimation of the bi-directional reflection function of the 

surface (over the land) (Kaufman et al., 1997). However, this leads to the retrieval algorithms 

becoming more sophisticated and causes the number of base aerosol models to increase. 
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Nevertheless, the actual number of aerosol models which are really taken into account is usually 

limited to constrain the size of the pre-calculated database (Martonchik et al., 1998).  This could 

be a possible source of retrieval error, if non-standard aerosol contributions occur, or in the case 

of an undetected small cloud contamination of a pixel, but no thorough sensitivity study has yet 

been performed because of the multiple factors nature of the problem. However, the papers by 

Mishchenko and Travis (Mishchenko and Travis, 1997a, 1997b) should be noted in which, 

despite of the simplest aerosol-ocean model being considered, the important conclusion that the 

algorithm based on multiple viewing angle measurements performs far better than that based on 

single viewing angle radiance measurements is made. 

Usually, to simulate satellite remote sensing the approach based on developing of pre-

calculated database (Rao et al., 1989; Mishchenko and Travis, 1997a; Martonchik et al., 1998) is 

used. In this paper a fundamentally different technique is applied to the problem of multiangle 

satellite observation of a stratified atmosphere. This approach, known as the perturbation 

technique, has been adapted from nuclear reactor theory (Marchuk, 1964; Gerstl, 1980), and 

developed comprehensively for the purpose of the radiative transfer in atmosphere in the papers 

of Box and his co-authors  (Box et al., 1988a, 1988b, 1989a, 1989b; Trautmann et al., 1992). 

This approach shows its efficiency to analyze the possibility of the retrieval of the optical 

thickness, single scattering albedo and phase function (Sendra and Box, 2000) in the case of the 

sounding of a homogeneous medium. In this paper it will be applied to the sounding of a 

stratified medium. The perturbation approach also seems to be a perfect base to develop the 

retrieval algorithm, because it provides the necessary derivatives and hence the standard 

techniques of the optimization of multivariable non-linear functions (Fletcher, 1987) may be 

successfully implemented. 
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2. Perturbation technique 

The perturbation technique of radiative transfer theory is based on the joint solution of both 

the direct and adjoint equations, and has been used for more than fifty years. Initially it was 

successfully applied to nuclear reactor problems (Lewins, 1965; Bell and Glasstone, 1970). 

Marchuk (Marchuk, 1964) was the first who has introduced this approach as a general technique 

to interpret optical measurements into the field of the atmospheric optics. However, the most 

successful applications of the perturbation technique started more then a decade later. This 

approach was applied to compute atmospheric radiative effects (Gerstl, 1980; Box et al., 1988a, 

1989a, 1989b; Trautmann et al., 1992), to consider the problems of thermal sounding (Ustinov, 

1990) and the photometric observation of solar radiation reflected from the optically thick 

vertically inhomogeneous planet atmosphere (Ustinov, 1991a, 1991b, 1992), and to investigate 

the sensitivity of exiting radiances to optical characteristics in the simplest case of a 

homogeneous atmosphere (Box and Sendra, 1995).  

Let us introduce briefly the basic results. We consider only the case of radiation transfer in a 

plane parallel horizontally homogeneous atmosphere with solar illumination. In the most 

common cases, the radiative effects (for example, fluxes) or optical measurements are given by 

∫∫ ΩΩΩ= dzdzRzIE ),(),( , (1) 

where ),( ΩzI  is the radiance at altitude z  and in the direction Ω , ),( ΩzR  is the response 

function which to simulate satellite measurements has the form: 

)()()(),( RRtzzzR φ−φδµ−µ−δ−δ=Ω , (2) 

where µ  is the cosine of the zenith angle, )(zδ  is the Dirac δ-function, tz  is the altitude of the 

atmosphere “top”, Rµ  and Rφ  are the zenith angle cosine and azimuth angle of the satellite 

receiver. 

),( ΩzI  satisfies the radiative transfer equation (RTE) 
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),(')',()',,(
4

)(),()( Ω+ΩΩΩΩχ
π

σ=Ω




 ε+µ ∫∫ zQdzIzzzIz
dz
d , (3) 

where )(zε  and )(zσ  are the extinction and scattering coefficients, respectively, ),( ΩzQ  is the 

source function, which has the form 

)()()(),( 000 φ−φδµ−µδ−δ=Ω tzzSzQ , 

here 0µ  and 0φ  are the zenith angle cosine and azimuth angle of the Sun. )',( ΩΩχ  is the phase 

function, normalized by 

1')',(
4
1 =ΩΩΩχ
π∫∫

d . 

For the sake of simplicity it is convenient to rewrite equation (4) in the operator form 

),(),(ˆ Ω=Ω zQzIL , (4) 

where 

∫∫ ⊗ΩΩΩ−+= )',,('
4

)()(ˆ zdzz
dz
dL χ

π
σεµ . (5) 

The notation ⊗  is used to indicate that the final term is an integral operator, not a simple definite 

integral. 

Let us introduce an adjoint operator +L̂ , which is defined by requiring that  

IILILI )ˆ()ˆ( +++ = , (6) 

where ∫∫ Ω= dzd(...)...  denotes a scalar product and +I  is the solution of the adjoint equation 

),(),(ˆ Ω=Ω++ zRzIL . (7) 

Taking into account the common boundary conditions for the radiance (Lenoble, 1985, p.179), 

i.e.  

,0,0),(

,0,)',0()',('''1),0(
2

0

0

1

<µ=Ω=

>µΩ=ΩΩρµµφ
π

=Ω= ∫ ∫
π

−

tzzI

zIddzI
 (8) 



5 

where )',( ΩΩρ  is the bi-directional reflection function of the underlying surface and the sunlight 

is taken into account in the radiative transfer equation itself, we can obtain from (6) the explicit 

form for +L̂  (Marchuk, 1964; Box et al. 1988a; Ustinov, 1991a) 

∫∫ ⊗ΩΩχΩ
π

σ−ε+µ−= )',,('
4

)()(ˆ zdzz
dz
dL . (9) 

and the boundary condition for +I   

.0,0),(

,0,)',0(),'('''1),0(
2

0

1

0

>µ=Ω=

<µΩ=ΩΩρµµφ
π

=Ω=

+

π
+

∫ ∫

tzzI

zIddzI
 (10) 

Let us consider two atmospheres whose optical properties differ slightly (the first one we denote 

as “base” and the other as “perturbed”) and let 

LLL BP
ˆˆˆ δ+= , (11) 

It can be shown that if only the most significant contributions are taken into account the effect 

perturbation Eδ  which corresponds to the perturbation L̂δ  of the atmosphere is given by 

(Marchuk, 1965; Box et al., 1988a; Ustinov, 1991a) 

ILIE ˆδ−=δ + . (12) 

More detailed results and discussion concerning higher-order terms can be found in (Box et al., 

1988b). Unfortunately, it is difficult to provide simple criteria to determine whether a given 

atmosphere perturbation is small enough and hence to estimate the accuracy of (12), but some 

simulation results provided below will serve to give a rough idea. 

 

3. Simulation technique 

We introduce a Cartesian coordinate system with the z-axis directed to atmosphere “top” 

along the normal to its boundary and the x-axis in the plane of sunlight incidence. The direction 

of the light propagation is specified by ),( φϑ=Ω , where ϑ  is the zenith angle measured from 

the positive z-axis and φ is the azimuth angle measured clockwise from the positive x-axis.  
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To perform the perturbation calculation we must evaluate integral (12). To simplify the 

integration, let both ),( ΩzI  and ),( Ω+ zI  be represented as a series of associated Legendre 

functions: 

∑∑
∞

= =

φµψ=Ω
0 0

)cos()(P)(),(
n

n

m

m
nnmnm mzAzI , 

∑∑
∞

= =

++ φµ−ψ=Ω
0 0

)cos()(P)(),(
n

n

m

m
nnmnm mzAzI . 

(13) 

Here, )2)(12( 0mnm nA δ−+= , )cos(ϑ=µ , and ),( βχ z  ( )',( ΩΩ=β  is the scattering angle) may 

also be expanded in a series of Legendre polynomials: 

)(P)()12(),( βχ+=βχ ∑ nn znz . (14) 

Note that in the most common case the atmosphere perturbation can be represented in the 

form 

∫

∫

∫

⊗ΩΩδχΩ
π

ωσ−

⊗ΩΩχΩ
π

δωσ−








 ⊗ΩΩχΩ
π

ω−δσ=Ωδ

)',,('
4

)()(

)',,('
4

)()(

)',,('
4

)(1)(),(ˆ

0

0

0

zdzz

zdzz

zdzzzL

e

e

e

, (15) 

where the first member is due to the extinction coefficient variation eδσ , the second 

correspondents to the single scattering albedo variation 0δω  and the third describes the influence 

of the phase function variation δχ . Therefore, the corresponding expression for the effect 

perturbation can be obtained by substitution of (13-15) into (12), and takes the form  

[ ]{ }∫∑∑ δχωσ−δωχσ−δσχω−ψψφ−=δ +
∞

= =

dzmAE neneennmnm
n

n

m
Rnm

n
000

0 0
1)cos()1( , (15) 

It is interesting to point out that if we need to estimate the variation of the exiting radiances due 

to adding some aerosol characterized by the parameters Pp
s

p
e χσσ ,, , which are independent of 

altitude, Eq.15 is simplified to 
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[ ] ∫∑∑ ψψσχω−φ−=δ +
∞

= =

dzmAE nmnm
p
e

P
n

p

n

n

m
Rnm

n
0

0 0
1)cos()1( , (16) 

and the integral over z  should be calculated only once, even if the influence of different aerosols 

is to be investigated.  

The natural way to calculate nmψ  is the spherical harmonics approximation (SHA) (Dave, 

1975). Moreover, it allows one to get both nmψ  and +ψnm  during the same calculation without 

considerable expense of computer time. It is well known that SHA allows all integrals from the 

radiance over angles to be estimated with high accuracy, but unavoidable oscillations in the 

radiance angle distribution appear near the boundary. To improve the accuracy the iteration 

procedure (Lenoble, 1985, p.35) is used. This idea is based on using the formal solution of the 

radiative transfer equation (4), which has the form 

0,'),'()'()(exp1)()(
exp),0(),(

0),,(),(

0,'),'()'()(exp1)(exp),(),(

0

<µΩ








µ
τ−τ−

µ
−









µ
τ−τ

−Ω=Ω

=µΩ=Ω

>µΩ








µ
τ−τ−

µ
+









µ
τ−Ω=Ω

∫

∫

z
t

SHA

z

z
TSHA

dzzJzzzz
IzI

zJzI

dzzJzzzzIzI
T

(17) 

where the optical thickness )(zτ  is defined in the form  

 ∫σ=τ
Tz

z
e dzzz )()(  

and the SHA solution ),( ΩzI SHA  is being used to get  

∫∫ ΩΩΩΩχ
π

σ=Ω ')',()',,(
4

)(),( dzIzzzJ SHA . (18) 

There are two important reasons to improve the SHA solution. Firstly, it is necessary to 

simulate satellite measurements. Secondly, to estimate some effects of the perturbation the 

integral  

∫ ∫
π

+ ΩΩΩ−=δ
tz

zIzIddzE
0 4

),(),(  (19) 
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needs to be calculated. If we take into account that both ),( ΩzI  and ),( Ω+ zI  are contributed 

significantly by the singular component [ ] )(/)(exp 00
)( Ω−Ωδµτ−+ zS  at small z  (“0” denotes 

either the Sun illumination or receiver angles), we meet again the necessity of the exact radiance 

calculation. 

 

4. Numerical results 

We consider the widely used model of the atmosphere as a stratified slab with an underlying 

surface. Although there is no restriction on the reflection properties of the underlying surface, for 

the sake of simplicity we consider the Lambertian case. Moreover, it is a reasonable 

approximation to model the real atmosphere-ocean system. In these simulations three profiles 

(Lenoble, 1985) are chosen as appropriate for our purpose. The characteristics of the layers are 

given in Table 1. Note that Model III is very similar on Model I except for the large cloud. We 

introduce this model to check the applicability of the perturbation technique in the case of an 

optically thick atmosphere. The US standard atmosphere is chosen as a model of the molecular 

atmosphere. We restrict our simulation to a single wavelength of 0.55 µm, at which the 

contribution of the molecular atmosphere cannot be neglected, but it is still less than the aerosol 

component. 

Let us consider a typical problem of the aerosol satellite remote sensing. We would like to 

investigate how the exiting radiances change if the basic characteristics of the lowermost layer, 

such as the optical thickness or the single scattering albedo, are changed. Also we are interested 

to estimate the influence of a small cloud contamination to it. Let us solve this problem using 

two approaches: the perturbation technique and the direct solution of the RTE, which is the 

common approach to do it. Taking into account that the perturbation technique assumes a linear 

dependence of the effect on the perturbation (12), it is convenient to evaluate the corresponding 

derivatives instead of the absolute values. Moreover, they describe the sensitivities of the exiting 

radiance to variation of these parameters.  
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Using the perturbation technique we calculate the following characteristics:  

[ ]∫∑∑ χω−ψψφ−=
σ

+
∞

= =
dzmA

d
dI

nnmnm
n

n

m
Rnm

n

e
0

0 0
1)cos()1( , 

∫∑∑ χψψφ−=
ω

+
∞

= =

dzmA
d
dI

nnmnm
n

n

m
Rnm

n

0 00

)cos()1( , 

[ ]∫∑∑ χω−ψψφ−=
τ

+
∞

= =

dzmA
d
dI C

n
C

nmnm
n

n

m
Rnm

n

C
0

0 0

1)cos()1( , 

(20) 

where Cτ  is the cloud optical thickness, C
0ω  is the cloud single scattering albedo and  C

nχ  are the 

expansion coefficients of the cloud phase function in Legendre polynomials. The direct solution 

of the RTE provides us with the corresponding estimates 

e

eee

e

zIzII
σ∆

σΩ−σ∆+σΩ=
σ∆
∆ );,();,( ,   

0

000

0

);,();,(
ω∆

ωΩ−ω∆+ωΩ=
ω∆
∆ zIzII , 

C

CCC

C

zIzII
τ∆

τΩ−τ∆+τΩ=
τ∆
∆ );,();,( . 

(21) 

We performed the calculation assuming the sensor azimuth angle is ο90  and the surface 

albedo is 0.05 for several values of eσ∆ , 0ω∆  and Cτ∆ . This allows us to estimate the 

applicability range of the perturbation technique over the parameters variation area. 

The results of our calculation for the atmosphere models are given in Tables 2-9. For 

convenience they also contain the relative error, which, for example, for the extinction 

coefficient perturbation has the form 

1errorrelative −

σ∆
∆
σ

=

e

e

I
d
dI

 (22) 

Tables 2-4 show how the perturbation technique can predict the effect of the extinction 

coefficient variation. The range was chosen to be rather wide from eσ− 5.0  to eσ  (that is, from 
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half the original value to double it). Tables 5-7 contain results for the single scattering albedo 

variations. Tables 8-9 show the sensitivity of the exiting radiance to a relatively small cloud 

contamination.  

In all the tables we can see that the linear approximation (12) of the dependence of the effect 

on the parameter perturbation is reasonable in most of the case considered, especially for 

atmosphere models I and II, which are not optically thick. The tables give us the area of the 

perturbation technique applicability. For distinctness let us set 10% as a permissible limit of the 

relative error. We can see that for atmosphere model I, which describes clear atmosphere, the 

perturbation technique and direct simulation results coincide very well in practically all 

considered cases, except for a very few. This can be explained by the small multiple scattering 

contribution to the exiting radiances. For model II, which corresponds to a rather polluted 

atmosphere, the accuracy of the perturbation technique estimation becomes unacceptable at 

extinction coefficient variation ee σ>>σ∆ 1.0 , but is still tolerable for all considered variations 

of the single scattering albedo, except 5.00 −=ω∆ .  

Consideration of the results for model III shows that we meet an interesting situation, where 

noting that the optical thickness of the lowermost layer is not small ( 10=τ ), and its single 

scattering albedo is close to 1 ( 998.00 =ω ), it is clear that multiple scattering contributes 

significantly to the exiting radiance, but the nonlinearity of its dependence on the extinction 

coefficient variation decreases slightly in comparison to model II. In contrast, Table 7 shows us 

that to predict the effect of the single scattering albedo variation on the exiting radiance we can 

use the perturbation technique only at 01.00 <ω∆ to meet the above criteria. Are there some 

contradictions? Let us recall some analytical results of the asymptotic theory of an optically thick 

weakly absorbing medium. For this case the exiting radiance for a semi-infinite layer is given by 

(Zege, 1991) 
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








ΩΩ
µµ

γ−ΩΩ=ΩΩ
);,(
)()(

4exp);,();,(
00

000
000

t
tt zI

uu
qzIzI . (23) 

Here ),,( 00 ΩΩtzI  is the exiting radiance in the case of 10 =ω , )1)(1(3 0ω−−=γ g , 

)1(3
1

g
q

−
=  and 2/)

2
31()( 000 µ+=µu . If we substitute into (23) the approximate values of the 

parameters ( 86.0=g , 1)( 00 ≈µu , 10 ≈µ , 5.0),,( 00 ≈ΩΩtzI ), we find that I  depends on 0ω  as 

( ))1(10exp 0ω−− . Therefore, the dependence of I∆  on 0ω∆  could be linear for 1>>τ  only 

when 00 1 ω−<<ω∆ , and that is why ( 002.01 0 =ω− ) the relative error at 01.00 >ω∆  in Table 

7 is so high. The perturbation technique points to it indirectly by giving the very high value for 

0/ ωddI , which is approximately ten times greater than the exiting radiance.  

Let us now look closely at Tables 8 and 9. They contain the results for the important case of 

small cloud contamination, which is difficult to detect with a high level of confidence. The tables 

show that the perturbation technique allows the effect to be predicted with the above-mentioned 

accuracy, except in the case of very large angles of illumination and observation. It is not 

surprising that the error of the prediction is less for model II than for model I at the same optical 

thickness of the cloud component because of the optical thickness of the lowermost layer of the 

model II is five times greater than for model I.  However, despite such a difference, the 

sensitivity of the exiting radiance to a cloud contamination is substantially higher for model II 

than for model I. 

 

5. Conclusion 

The above comparison shows that the theoretically established relationship (12) between a 

small variation of the atmospheric parameters and the corresponding changes in the exiting 

radiance can be used for both clear and polluted aerosol atmospheres, even with the presence of 

small cloud contamination.  Moreover, it can be the basis of a retrieval algorithm. Let us 

consider the basic idea of the MISR retrieval algorithm. The aerosol atmosphere is considered as 
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a stratified medium, whose each layer can be contributed to by 11 possible basic aerosols (each 

model has its own range of altitudes). Starting from some initial model and following a 

sophisticated technique, based on using a pre-calculated radiance database, the aerosol optical 

thickness is retrieved.  The perturbation technique can be incorporated into this algorithm in a 

natural way.  Let us introduce a vector ),...,( 111 ττ=Τ
�

 ( kτ  is the optical thickness of the kth pure 

component), which characterizes our aerosol atmosphere model. We also have the measured 

radiances, MI , by satellite sensors, and the estimated ones, EI , for the same geometry, but for 

some model 0Τ
�

. The perturbation technique provides the necessary correction, Τ∆
�

, to the model 

0Τ
�

, on the basis of the comparison between MI  and EI , which has the form 

Τ∆
Τ∂
∂=−=∆

�

�

0

IIII EM . (23) 

Note that the matrix 
0Τ∂

∂
�

I  is calculated together with EI  without noticeable addition to the 

computer time. It is difficult to estimate for the very first pixel how many iterations it takes to get 

the final solution, because of it strongly depends on the quality of the initial model. However, 

when the retrieval is started for the neighboring pixels, the situation is changed. Taking into 

account that the aerosol profiles at the neighboring pixels differ slightly as a rule, a few iterations 

should be enough to get the final solution. Additionally, equation (23) also allows us to obtain 

natural estimation of the retrieval errors for the each pure component if the calibration error is 

known.  

However, the main goal of this paper is to show the applicability of the perturbation 

technique to describe how the variation of the aerosol atmosphere characteristics effects the 

exiting radiance for realistic atmosphere models. The comparison of the perturbation technique 

predictions with the results of the direct solution of the RTE shows its high accuracy. We 

underline that to use the perturbation technique we have to solve the RTE only once, plus some 

extra calculation. Note that if we need to analyze the dependence on a single parameter the time 
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costs of both the perturbation technique and direct simulation are more or less similar, but if we 

need to investigate multi-parameters dependences the advantages of the perturbation techniques 

are incontestable. That is why the perturbation technique can be successfully used to make 

sensitivity analyses of a remote sensing experiment on the basis of consideration of very 

complex models and, as mentioned above, as a core of the retrieval algorithm. These topics have 

not been covered in this paper, but will be considered in future work.  
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Table 1 Atmosphere model. 

Layer 

No. 

Altitude, 

[km] 

Molecular 

atmosphere 

Type I Type II Type III 

1 0-2 (0.0212) Continental  (0.2) Urban (1.0) Continental  (0.2) 

Cloud C.1 (10) 

2 2-12 (0.0585) Continental (0.02) 

3 12-30 (0.0178) Stratospheric (0.003) 

4 30-100 (0.0012) Upper atmosphere (0) 

 

The number in brackets are the optical thickness of the component; the aerosol models 

correspond to the WMO standard, the cloud model is from (Deirmendjan, 1969) . 

 



 

 

Table 2. Comparison of the perturbation calculation of 
ed

dI
σ

due to the variation of the extinction coefficient of the lowermost layer 

of Type I atmosphere with results of direct calculation 
e

I
σ∆
∆ at variation of extinction coefficient on  eσ∆ . 

e

I
σ∆
∆

eσ∆
Sµ Rµ I

ed
dI
σ

0.01 eσ 0.1 eσ 1.0 eσ -0.05 eσ -0.1 eσ -0.5 eσ

1.0 1.0 0.9176E-01 0.1852E-01 0.1851E-01 0.1847E-01 0.1808E-01 0.1854E-01 0.1856E-01 0.1876E-01
relative error 0.000 0.002 0.024 -0.001 -0.003 -0.013

1.0 0.8 0.8997E-01 0.1782E-01 0.1782E-01 0.1786E-01 0.1811E-01 0.1780E-01 0.1777E-01 0.1756E-01
relative error 0.000 -0.002 -0.016 0.001 0.003 0.015

1.0 0.6 0.9669E-01 0.2215E-01 0.2215E-01 0.2218E-01 0.2226E-01 0.2212E-01 0.2210E-01 0.2184E-01
relative error 0.000 -0.002 -0.005 0.001 0.002 0.014

1.0 0.2 0.1517E+00 0.3722E-01 0.3714E-01 0.3643E-01 0.3034E-01 0.3763E-01 0.3804E-01 0.4155E-01
relative error 0.002 0.022 0.227 -0.011 -0.022 -0.104

0.8 0.8 0.7674E-01 0.1767E-01 0.1767E-01 0.1772E-01 0.1797E-01 0.1763E-01 0.1761E-01 0.1732E-01
relative error 0.000 -0.002 -0.016 0.002 0.004 0.020

0.8 0.6 0.8653E-01 0.2360E-01 0.2360E-01 0.2362E-01 0.2345E-01 0.2358E-01 0.2356E-01 0.2333E-01
relative error 0.000 -0.001 0.006 0.001 0.002 0.011

0.8 0.2 0.1491E+00 0.4131E-01 0.4122E-01 0.4038E-01 0.3323E-01 0.4179E-01 0.4227E-01 0.4637E-01
relative error 0.002 0.023 0.243 -0.011 -0.023 -0.109

0.6 0.6 0.7676E-01 0.2450E-01 0.2449E-01 0.2445E-01 0.2364E-01 0.2451E-01 0.2453E-01 0.2454E-01
relative error 0.000 0.002 0.036 -0.001 -0.001 -0.002

0.6 0.2 0.1451E+00 0.4373E-01 0.4362E-01 0.4263E-01 0.3426E-01 0.4430E-01 0.4487E-01 0.4976E-01
relative error 0.002 0.026 0.276 -0.013 -0.025 -0.121

0.2 0.2 0.1102E+00 0.2640E-01 0.2628E-01 0.2517E-01 0.1715E-01 0.2705E-01 0.2773E-01 0.3402E-01
relative error 0.005 0.049 0.539 -0.024 -0.048 -0.224
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Table 3. The same as Table 2, but for Type II atmosphere.
 

e

I
σ∆
∆

eσ∆
Sµ Rµ I

ed
dI
σ

0.01 eσ 0.1 eσ 1.0 eσ -0.05 eσ -0.1 eσ -0.5 eσ

1.0 1.0 0.9058E-01 0.1066E-01 0.1061E-01 0.1017E-01 0.6812E-02 0.1092E-01 0.1118E-01 0.1361E-01
relative error 0.005 0.048 0.565 -0.023 -0.046 -0.217

1.0 0.8 0.8681E-01 0.1041E-01 0.1037E-01 0.9970E-02 0.6656E-02 0.1063E-01 0.1086E-01 0.1262E-01
relative error 0.004 0.044 0.564 -0.021 -0.041 -0.175

1.0 0.6 0.9439E-01 0.1204E-01 0.1197E-01 0.1135E-01 0.6837E-02 0.1240E-01 0.1276E-01 0.1589E-01
relative error 0.006 0.060 0.761 -0.029 -0.057 -0.242

1.0 0.2 0.1395E+00 0.6678E-02 0.6612E-02 0.6069E-02 0.3197E-02 0.7026E-02 0.7410E-02 0.1260E-01
relative error 0.010 0.100 1.089 -0.050 -0.099 -0.470

0.8 0.8 0.7601E-01 0.1074E-01 0.1068E-01 0.1017E-01 0.6277E-02 0.1103E-01 0.1133E-01 0.1381E-01
relative error 0.005 0.056 0.711 -0.027 -0.052 -0.222

0.8 0.6 0.8781E-01 0.1283E-01 0.1274E-01 0.1194E-01 0.6629E-02 0.1330E-01 0.1379E-01 0.1829E-01
relative error 0.007 0.074 0.935 -0.035 -0.069 -0.298

0.8 0.2 0.1402E+00 0.7308E-02 0.7227E-02 0.6564E-02 0.3197E-02 0.7736E-02 0.8208E-02 0.1472E-01
relative error 0.011 0.113 1.286 -0.055 -0.110 -0.504

0.6 0.6 0.7992E-01 0.1148E-01 0.1138E-01 0.1051E-01 0.5285E-02 0.1201E-01 0.1256E-01 0.1817E-01
relative error 0.009 0.092 1.172 -0.044 -0.086 -0.368

0.6 0.2 0.1378E+00 0.6622E-02 0.6538E-02 0.5854E-02 0.2599E-02 0.7069E-02 0.7566E-02 0.1473E-01
relative error 0.013 0.131 1.548 -0.063 -0.125 -0.550

0.2 0.2 0.9966E-01 0.1245E-02 0.1224E-02 0.1061E-02 0.4171E-03 0.1358E-02 0.1489E-02 0.4056E-02
relative error 0.017 0.173 1.984 -0.083 -0.164 -0.693
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Table 4. The same as Table 2, but for Type III atmosphere.
 

e

I
σ∆
∆

eσ∆
Sµ Rµ I

ed
dI
σ

0.01 eσ 0.1 eσ 1.0 eσ -0.05 eσ -0.1 eσ -0.5 eσ

1.0 1.0 0.5165E+00 0.2918E+00 .2905E+00 0.2787E+00 0.1896E+00 0.2986E+00 0.3055E+00 0.3596E+00
relative error 0.005 0.047 0.539 -0.023 -0.045 -0.188

1.0 0.8 0.4887E+00 0.2619E+00 .2605E+00 0.2488E+00 0.1665E+00 0.2688E+00 0.2759E+00 0.3404E+00
relative error 0.005 0.053 0.573 -0.026 -0.051 -0.231

1.0 0.6 0.4402E+00 0.2241E+00 .2229E+00 0.2125E+00 0.1415E+00 0.2303E+00 0.2368E+00 0.3000E+00
relative error 0.005 0.054 0.584 -0.027 -0.053 -0.253

1.0 0.2 0.3721E+00 0.1392E+00 .1385E+00 0.1321E+00 0.8800E-01 0.1430E+00 0.1470E+00 0.1859E+00
relative error 0.005 0.054 0.582 -0.027 -0.053 -0.251

0.8 0.8 0.3826E+00 0.1881E+00 .1870E+00 0.1778E+00 0.1169E+00 0.1937E+00 0.1996E+00 0.2598E+00
relative error 0.006 0.058 0.609 -0.029 -0.057 -0.276

0.8 0.6 0.3920E+00 0.1610E+00 .1601E+00 0.1519E+00 0.9939E-01 0.1660E+00 0.1713E+00 0.2299E+00
relative error 0.006 0.060 0.620 -0.030 -0.060 -0.300

0.8 0.2 0.3614E+00 0.1000E+00 .9943E-01 0.9438E-01 0.6181E-01 0.1031E+00 0.1064E+00 0.1425E+00
relative error 0.006 0.060 0.618 -0.030 -0.060 -0.298

0.6 0.6 0.3186E+00 0.1034E+00 .1028E+00 0.9734E-01 0.6336E-01 0.1067E+00 0.1103E+00 0.1530E+00
relative error 0.006 0.062 0.632 -0.031 -0.063 -0.324

0.6 0.2 0.3295E+00 0.6422E-01 .6383E-01 0.6048E-01 0.3940E-01 0.6628E-01 0.6848E-01 0.9482E-01
relative error 0.006 0.062 0.630 -0.031 -0.062 -0.323

0.2 0.2 0.1673E+00 0.1330E-01 .1322E-01 0.1253E-01 0.8169E-02 0.1372E-01 0.1417E-01 0.1958E-01
relative error 0.006 0.061 0.628 -0.031 -0.062 -0.321
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Table 5. Comparison of the perturbation calculation of 
0ωd

dI due to the variation of the single scattering albedo of the 

lowermost layer of Type I model atmosphere with results of direct calculation 
0ω∆

∆I at the single scattering albedo on  0ω∆ .

 

0ω∆
∆I

0ω∆
Sµ Rµ I

0ωd
dI

0.01 0.05 -0.01 -0.05 -0.1 -0.5

1.0 1.0 0.9176E-01 0.5080E-01 0.5097E-01 0.5166E-01 0.5063E-01 0.4997E-01 0.4917E-01 0.4376E-01
relative error -0.003 -0.017 0.003 0.017 0.033 0.161

1.0 0.8 0.8997E-01 0.5404E-01 0.5427E-01 0.5521E-01 0.5381E-01 0.5292E-01 0.5184E-01 0.4463E-01
relative error -0.004 -0.021 0.004 0.021 0.042 0.211

1.0 0.6 0.9669E-01 0.6676E-01 0.6709E-01 0.6843E-01 0.6644E-01 0.6517E-01 0.6365E-01 0.5352E-01
relative error -0.005 -0.024 0.005 0.024 0.049 0.247

1.0 0.2 0.1517E+00 0.1259E+00 0.1267E+00 0.1296E+00 0.1252E+00 0.1225E+00 0.1192E+00 0.9732E-01
relative error -0.006 -0.028 0.006 0.028 0.057 0.294

0.8 0.8 0.7674E-01 0.5184E-01 0.5208E-01 0.5311E-01 0.5158E-01 0.5060E-01 0.4943E-01 0.4165E-01
relative error -0.005 -0.024 0.005 0.024 0.049 0.245

0.8 0.6 0.8653E-01 0.6655E-01 0.6690E-01 0.6837E-01 0.6618E-01 0.6480E-01 0.6313E-01 0.5215E-01
relative error -0.005 -0.027 0.005 0.027 0.054 0.276

0.8 0.2 0.1491E+00 0.1301E+00 0.1309E+00 0.1341E+00 0.1293E+00 0.1263E+00 0.1227E+00 0.9897E-01
relative error -0.006 -0.030 0.006 0.030 0.060 0.314

0.6 0.6 0.7676E-01 0.6573E-01 0.6610E-01 0.6768E-01 0.6534E-01 0.6386E-01 0.6208E-01 0.5045E-01
relative error -0.006 -0.029 0.006 0.029 0.059 0.303

0.6 0.2 0.1451E+00 0.1320E+00 0.1329E+00 0.1363E+00 0.1312E+00 0.1280E+00 0.1241E+00 0.9897E-01
relative error -0.006 -0.031 0.006 0.032 0.064 0.334

0.2 0.2 0.1102E+00 0.9256E-01 0.9318E-01 0.9570E-01 0.9196E-01 0.8959E-01 0.8677E-01 0.6853E-01
relative error -0.007 -0.033 0.007 0.033 0.067 0.351
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Table 6. The same as Table 2, but for Type II atmosphere.
 

0ω∆
∆I

0ω∆
Sµ Rµ I

0ωd
dI

0.01 0.05 0.1 -0.01 -0.05 -0.1 -0.5

1.0 1.0 0.9058E-01 0.1565E+00 0.1583E+00 0.1660E+00 0.1767E+00 0.1547E+00 0.1480E+00 0.1403E+00 0.9954E-01
relative error -0.011 -0.057 -0.115 0.011 0.057 0.115 0.572

1.0 0.8 0.8681E-01 0.1659E+00 0.1681E+00 0.1776E+00 0.1909E+00 0.1637E+00 0.1554E+00 0.1461E+00 0.9690E-01
relative error -0.013 -0.066 -0.131 0.013 0.067 0.135 0.712

1.0 0.6 0.9439E-01 0.1914E+00 0.1942E+00 0.2058E+00 0.2221E+00 0.1888E+00 0.1787E+00 0.1673E+00 0.1079E+00
relative error -0.014 -0.070 -0.138 0.014 0.071 0.144 0.773

1.0 0.2 0.1395E+00 0.2194E+00 0.2224E+00 0.2352E+00 0.2531E+00 0.2165E+00 0.2054E+00 0.1929E+00 0.1277E+00
relative error -0.014 -0.067 -0.133 0.014 0.068 0.137 0.718

0.8 0.8 0.7601E-01 0.1556E+00 0.1579E+00 0.1673E+00 0.1806E+00 0.1534E+00 0.1452E+00 0.1360E+00 0.8761E-01
relative error -0.014 -0.070 -0.138 0.014 0.072 0.145 0.776

0.8 0.6 0.8781E-01 0.1861E+00 0.1889E+00 0.2006E+00 0.2170E+00 0.1834E+00 0.1733E+00 0.1619E+00 0.1027E+00
relative error -0.015 -0.072 -0.142 0.015 0.074 0.150 0.812

0.8 0.2 0.1402E+00 0.2238E+00 0.2269E+00 0.2401E+00 0.2586E+00 0.2208E+00 0.2093E+00 0.1965E+00 0.1293E+00
relative error -0.014 -0.068 -0.135 0.014 0.069 0.139 0.730

0.6 0.6 0.7992E-01 0.1714E+00 0.1739E+00 0.1849E+00 0.2002E+00 0.1688E+00 0.1594E+00 0.1488E+00 0.9374E-01
relative error -0.015 -0.073 -0.144 0.015 0.075 0.152 0.828

0.6 0.2 0.1378E+00 0.2172E+00 0.2202E+00 0.2329E+00 0.2507E+00 0.2143E+00 0.2033E+00 0.1909E+00 0.1259E+00
relative error -0.014 -0.067 -0.134 0.014 0.068 0.138 0.726

0.2 0.2 0.9966E-01 0.1120E+00 0.1134E+00 0.1190E+00 0.1267E+00 0.1108E+00 0.1059E+00 0.1003E+00 0.7002E-01
relative error -0.012 -0.058 -0.116 0.012 0.058 0.117 0.600
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Table 7. The same as Table 2, but for Type III atmosphere.
 

0ω∆
∆I

0ω∆
Sµ Rµ I

0ωd
dI

-0.01 -0.05 -0.1 -0.5

1.0 1.0 0.5165E+00 0.5129E+01 0.4665E+01 0.3416E+01 0.2552E+01 0.8573E+00
relative error 0.099 0.501 1.010 4.982

1.0 0.8 0.4887E+00 0.5310E+01 0.4824E+01 0.3514E+01 0.2609E+01 0.8402E+00
relative error 0.101 0.511 1.035 5.320

1.0 0.6 0.4402E+00 0.5170E+01 0.4691E+01 0.3404E+01 0.2516E+01 0.7800E+00
relative error 0.102 0.519 1.055 5.628

1.0 0.2 0.3721E+00 0.3701E+01 0.3359E+01 0.2441E+01 0.1809E+01 0.5738E+00
relative error 0.102 0.516 1.046 5.450

0.8 0.8 0.3826E+00 0.4483E+01 0.4070E+01 0.2961E+01 0.2193E+01 0.6826E+00
relative error 0.101 0.514 1.044 5.567

0.8 0.6 0.3920E+00 0.4484E+01 0.4076E+01 0.2976E+01 0.2212E+01 0.6938E+00
relative error 0.100 0.507 1.027 5.463

0.8 0.2 0.3614E+00 0.3317E+01 0.3023E+01 0.2228E+01 0.1673E+01 0.5507E+00
relative error 0.097 0.489 0.982 5.022

0.6 0.6 0.3186E+00 0.3443E+01 0.3137E+01 0.2310E+01 0.1732E+01 0.5560E+00
relative error 0.097 0.490 0.988 5.192

0.6 0.2 0.3295E+00 0.2659E+01 0.2437E+01 0.1828E+01 0.1397E+01 0.4855E+00
relative error 0.091 0.454 0.903 4.478

0.2 0.2 0.1673E+00 0.7810E+00 0.7246E+00 0.5687E+00 0.4545E+00 0.1867E+00
relative error 0.078 0.373 0.719 3.184
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Table 8. Comparison of perturbation calculation of 
Cd

dI
τ

 with results of direct calculation 
C

I
τ∆
∆

at adding the cloud optical thickness Cτ∆  to the lowermost layer of Type I model atmosphere.
 

C

I
τ∆
∆

Cτ∆
Sµ Rµ I

Cd
dI
τ

0.01 0.05 0.1 0.5

1.0 1.0 0.4990E-01 0.3695E-01 0.3675E-01 0.3598E-01 0.3507E-01 0.2959E-01
relative error 0.0054 0.0270 0.0536 0.2485

1.0 0.8 0.4930E-01 0.2724E-01 0.2714E-01 0.2675E-01 0.2630E-01 0.2375E-01
relative error 0.0037 0.0183 0.0357 0.1470

1.0 0.6 0.5802E-01 0.1403E-01 0.1409E-01 0.1430E-01 0.1456E-01 0.1621E-01
relative error -0.0039 -0.0190 -0.0366 -0.1346

1.0 0.2 0.1243E+00 0.1807E-01 0.1791E-01 0.1735E-01 0.1677E-01 0.1435E-01
relative error 0.0088 0.0413 0.0774 0.2593

0.8 0.8 0.4226E-01 0.1029E-01 0.1032E-01 0.1065E-01 0.1104E-01 0.1355E-01
relative error -0.0027 -0.0336 -0.0683 -0.2409

0.8 0.6 0.6175E-01 0.1926E-01 0.1925E-01 0.1974E-01 0.2029E-01 0.2287E-01
relative error 0.0009 -0.0239 -0.0506 -0.1577

0.8 0.2 0.2012E+00 0.6045E-01 0.5954E-01 0.5746E-01 0.5492E-01 0.3951E-01
relative error 0.0153 0.0521 0.1007 0.5301

0.6 0.6 0.7811E-01 0.3244E-01 0.3231E-01 0.3290E-01 0.3346E-01 0.3398E-01
relative error 0.0040 -0.0138 -0.0306 -0.0454

0.6 0.2 0.2986E+00 0.1360E+00 0.1335E+00 0.1272E+00 0.1196E+00 0.7690E-01
relative error 0.0191 0.0694 0.1368 0.7686

0.2 0.2 0.4743E+00 0.2750E+00 0.2663E+00 0.2401E+00 0.2125E+00 0.1042E+00
relative error 0.0324 0.1452 0.2941 1.6396
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Table 9. The same as Table 8, but for Type II model atmosphere.
 

C

I
τ∆
∆

Cτ∆
Sµ Rµ I

Cd
dI
τ

0.01 0.05 0.1 0.5

1.0 1.0 0.7410E-01 0.1033E+00 0.1029E+00 0.1015E+00 0.9986E-01 0.8913E-01
relative error 0.0035 0.0172 0.0341 0.1585

1.0 0.8 0.7266E-01 0.7840E-01 0.7821E-01 0.7748E-01 0.7660E-01 0.7093E-01
relative error 0.0024 0.0119 0.0235 0.1054

1.0 0.6 0.8317E-01 0.4320E-01 0.4324E-01 0.4341E-01 0.4360E-01 0.4460E-01
relative error -0.0010 -0.0049 -0.0093 -0.0314

1.0 0.2 0.1346E+00 0.2782E-01 0.2782E-01 0.2785E-01 0.2788E-01 0.2808E-01
relative error -0.0002 -0.0011 -0.0023 -0.0093

0.8 0.8 0.6709E-01 0.3442E-01 0.3504E-01 0.3530E-01 0.3562E-01 0.3752E-01
relative error -0.0176 -0.0250 -0.0336 -0.0826

0.8 0.6 0.9445E-01 0.4791E-01 0.4948E-01 0.4965E-01 0.4983E-01 0.5042E-01
relative error -0.0317 -0.0350 -0.0386 -0.0497

0.8 0.2 0.2157E+00 0.6448E-01 0.6954E-01 0.6892E-01 0.6816E-01 0.6265E-01
relative error -0.0727 -0.0644 -0.0540 0.0293

0.6 0.6 0.1131E+00 0.6182E-01 0.6441E-01 0.6435E-01 0.6423E-01 0.6218E-01
relative error -0.0403 -0.0394 -0.0376 -0.0058

0.6 0.2 0.3081E+00 0.1430E+00 0.1498E+00 0.1474E+00 0.1445E+00 0.1249E+00
relative error -0.0454 -0.0298 -0.0104 0.1448

0.2 0.2 0.4281E+00 0.2851E+00 0.2879E+00 0.2802E+00 0.2711E+00 0.2154E+00
relative error -0.0096 0.0178 0.0519 0.3235
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